The Möbius cube MQ n proposed by Cull et al. is an alternative to the popular hypercube network. Recently, MQ n was shown to be pancyclic, i.e., cycles of any lengths at least four can be embedded into it. Due to the importance of the fault tolerance in the parallel processing area, in this paper, we study an injured MQ n with mixed node and link faults. We show that it is (n − 2)-fault-tolerant pancyclic for n ≥ 3, that is, an injured n-dimensional MQ n is still pancyclic with up to (n−2) faults. Furthermore, our result is optimal.
G into a host graph H consists of two mappings. One is an injective mapping of each vertex of G into a vertex of H, and the other is a mapping of each edge of G into a path of H. Three important arguments of an embedding are dilation, congestion, and expansion. The dilation is the maximum length of a path of H which is mapped by an edge of G. The congestion is the maximum number of times that an edge of H is mapped. The smaller the dilation and the congestion, the better the embedding. In particular, if the embedding has dilation 1 and congestion 1, G is a subgraph of H. All of the embeddings in this paper have dilation 1 and congestion 1. The expansion is the ratio of the number of vertices in the host graph to the number of vertices in the guest graph.
The ring structure embedding into various topologies have been heavily discussed [15] , [23] , [25] [26] [27] . However, all of the above studies focused on the hamiltonian cycle embedding. In recent years, many people have studied the problem of the existence of cycles of arbitrary lengths in various interconnection networks [3] , [8] , [12] [13] [14] , [16] , [17] , [19] , [29] . In particular, Fan [12] showed that the Möbius cube is pancyclic. Let G be a simple undirected graph. We use |V(G)| to denote the number of vertices of G. G is pancyclic if any cycle of length l can be embedded into it, where 4 ≤ l ≤ |V(G)|. However, a pancyclic graph G means that it has any cycle of length l, 3 ≤ l ≤ |V(G)| in the literature [5] , [6] , [22] . Unfortunately, it is easy to check that MQ n has girth 4. Therefore, for ease of discussion, we adapted the previous definition, and we consider an extension of the results of [12] and [14] from the fault-tolerant point of view in this paper.
The fault tolerance is a crucial matter for parallel computing, especially in a large network. Therefore, in this paper, we study the fault-tolerant capability of the Möbius cube. Using the recursive structure of the Möbius cube, we prove that MQ n is (n − 2)-fault-tolerant pancyclic for n ≥ 3. That is, we can embed cycles of any lengths at least four into an injured Möbius cube with up to (n − 2) faults, where both nodes and links may be faulty. Furthermore, this result is optimally fault-tolerant in the sense that if there are (n−1) faults around a single node, then no hamiltonian cycle in a faulty MQ n exists.
The rest of this paper is organized as follows. We give some basic definitions and notation, including nonrecursive and recursive definitions of MQ n in Section 2. Section 3 is the main result, an inductive proof of the fault-tolerant pancyclicity of MQ n . The conclusion is given in Section 4. Finally, in the appendix we show the basis step, that is, MQ 3 is 1-fault-tolerant pancyclic and MQ 4 is 2-fault-tolerant pancyclic.
Definitions and Notation
An interconnection network can be represented by an undirected simple graph G. Given a graph G, its vertex set and edge set are denoted by V(G) and E(G), respectively. A path, denoted by v 1 , v 2 , . . . , v k , is defined as a sequence of vertices where two successive vertices are adjacent in G. A path is said to be a hamiltonian path if it traverses all the vertices of G exactly once. A graph G is hamiltonian connected if there is a hamiltonian path between any two arbitrarily chosen vertices of G. A cycle is a path that begins and ends with the same vertex. A hamiltonian cycle of G is a cycle which walks through every vertex of G exactly once. A hamiltonian graph is a graph that contains a hamiltonian cycle. In this paper, a pancyclic graph is a graph which contains, for each l, 4 ≤ l ≤ |V(G)|, a cycle of length l.
In this paper, the notion of the fault tolerance is as follows. Let V ⊆ V(G). G−V is the subgraph of G induced by V −V . Let F be a faulty set which may contain vertex faults and/or edge faults. We use G − F to denote the subgraph of G induced by V − F after removing the edges in
An n-dimensional Möbius cube MQ n consists of 2 n vertices and each vertex is labeled by a unique n-bit binary string. Each vertex has n neighbors as follows.
since there is no bit on the left of x 1 , the first neighbor of x can be defined asx 1 x 2 . . . x n orx 1x2 . . .x n . We call the cube 0-MQ n if the first neighbor of x isx 1 x 2 . . . x n , or 1-MQ n if the first neighbor of x isx 1x2 . . .x n . For example, MQ 4 is illustrated in Figure 1 .
Therefore, MQ n is an n-regular graph and can be recursively defined as follows: Both 0-MQ 1 and 1-MQ 1 are complete graphs K 2 with one vertex labeled 0 and the other 1. 0-MQ n and 1-MQ n are both composed of a subcube MQ 0 n−1 which is isomorphic to 0-MQ n−1 and a subcube MQ 
Main Result
We say that an edge (u, v) in one subcube of MQ n is a shared-edge in MQ n if the corresponding neighbors of u and v in the other subcube of MQ n are also adjacent. Clearly, these neighbors of u and v must be the first neighbors of u and v. The following lemma states that, for each vertex in 0-MQ n , all the edges incident to it are shared-edges except two.
. . x n be a vertex of 0-MQ n and x i be the ith neighbor of x for 1 ≤ i ≤ n and n ≥ 3. Then (x, x i ) is a shared-edge in 0-MQ n if and only if 3 ≤ i ≤ n.
. . x n−1 x n , respectively. Clearly, the two neighbors are adjacent. On the other hand, suppose that
. .x n−1xn , respectively. The two neighbors are also adjacent. Thus, (x, x i ) is a shared-edge for 3 ≤ i ≤ n.
Second, we show that (x, x 1 ) and (x, x 2 ) are not shared-
. The first neighbors of x and x 2 are 1x 2 x 3 . . . x n−1 x n and 1x 2 x 3 . . . x n−1 x n , respectively. Therefore, the two neighbors are not adjacent, and (x, x 2 ) is not a shared-edge. Also, if
2 ) is not a sharededge.
By Lemma 1, we have the following corollary.
Corollary 1:
Let P be a path in one subcube MQ i n−1 of 0-MQ n for i = 0, 1 and n ≥ 3. For any two consecutive edges on P, at least one of them is a shared-edge in MQ n .
Let F be a set of faults in MQ n . We say that a vertex u is a safe crossing-point in MQ n − F if u still connects to its first neighbor in MQ n − F. Also, we say that an edge (u, v) is a safe shared-edge in MQ n − F if (u, v) is a shared-edge in MQ n − F, i.e., the corresponding first neighbors u and v of u and v, respectively are fault-free, and edges (u, u ), (v, v ) and (u , v ) are also fault-free.
Lemma 2: Let C be a cycle of length l in one subcube MQ i n−1 of 0-MQ n for i = 0, 1, n ≥ 3. Suppose that f is the number of faults outside MQ i n−1 , and 3 f < l. Then there is a safe shared-edge on C, and there is a cycle of length l+2 in 0-MQ n .
Proof. Suppose on the contrary that there does not exist any safe shared-edge on C. By Corollary 1, there exists a shared-edge e on C, which is not safe. Let C = u 1 , u 2 , . . . , u l , u 1 . Let v 1 and v 2 be the first neighbors of u 1 and u 2 , respectively. Without loss of generality, we assume that e = (u 1 , u 2 ) and that at least one of (u 1 , v 1 ), v 1 , or (v 1 , v 2 ) is faulty. For each consecutive three vertices u 3 j+2 , u 3 j+3 and u 3 j+4 on cycle C, by Corollary 1, one of the edges (u 3 j+2 , u 3 j+3 ) and (u 3 j+3 , u 3 j+4 ) is a shared-edge in 0-MQ n , but is not a safe shared-edge in
Each of these corresponds to a distinct fault, so the total number of faults is at least
it contradicts to the assumption that 3 f < l. Let (a, b) be a safe shared-edge on C. Let C = a, P, b, a , where P is a subpath of C between a and b. Let a and b be the first neighbors of a and b, respectively. Then a, P, b, b , a , a forms a cycle of length l + 2. This proves the lemma.
We have a similar result for a path, and the proof is also similar to that of Lemma 2.
Lemma 3: Let P be a path containing l vertices in one subcube MQ i n−1 of 0-MQ n for i = 0, 1, n ≥ 3. Suppose that f is the number of faults outside MQ i n−1 , and 3 f < l − 2. Then there is a safe shared-edge on P.
Huang et al. [18] proved the following theorem concerning the hamiltonicity of MQ n . We will use it later in our proof of Theorem 2.
Theorem 1: [18] The Möbius cube MQ n is (n − 2)-hamiltonian and (n − 3)-hamiltonian connected for n ≥ 3. Now we prove our main result.
Theorem 2:
The Möbius cube MQ n is (n−2)-pancyclic for n ≥ 3.
Proof. We prove this by induction on n. We show the cases n = 3, 4 in the appendix. Now we shall go directly to the inductive step. Suppose that MQ n−1 is (n − 3)-pancyclic for some n ≥ 5. We will show that MQ n is (n − 2)-pancyclic. Let F ⊆ V(MQ n ) ∪ E(MQ n ) be the set of faults. We divide F into five disjoint parts: 
E(MQ
e . In addition, throughout this paper, we only consider the case f = n − 2, since it is the same as considering all the cases f ≤ n − 2. The reason is as follows: Suppose that f ≤ n − 2, and let
For further discussion, we consider the following cases. Case 1. There is a subcube containing all the (n − 2) faults.
Without loss of generality, we assume that f 0 = n − 2. are still pancyclic. Without loss of generality, we assume that f 0 ≥ f 1 . We claim that f 1 ≤ n − 4 for n ≥ 5. Suppose for the sake of contradiction that f
The total number of faults is at most (n − 2). Thus (n − 3) + (n − 3) ≤ n − 2. This implies that n ≤ 4, which is a contradiction. Thus MQ 
We obtain a contradiction. Thus, there exist such u i and u j . Let v i and v j be the first neighbors of u i and u j , respectively. By Theorem 1, Figure 4) . We divide F into five parts: n−2 . P has 8 vertices. Since (n − 3) − f 01 = 2, by Corollary 1, there is a safe shared-edge on P except the case that P has exactly three nonsharededges at the head, tail and in the middle of P, respectively, and the other four edges are all shared-edges (See Figure 6 ). But such a path does not exist between any two vertex x and y in MQ 3 . Assume that such a path exists, and we traverse it starting from x = x 1 x 2 x 3 . In 0-MQ 3 ,
In either case, we have a cycle of length 6, and it is a contradiction. So, the theorem is proved.
Conclusion
This paper provides a superior property of the Möbius cube to the hypercube, the fault-tolerant pancyclicity. With f e faulty links and f v faulty nodes, where f e + f v ≤ n−2, we can find cycles of all lengths except 3 in the network. However, the hypercube, as a bipartite graph, does not contain any odd cycles even if it is fault-free. In addition, if n − 1 neighbors of a node are faulty, then the network cannot possess any hamiltonian cycle. Hence, the degree of the fault tolerance, n − 2, provided in this paper is optimal. We claim that, for any two vertices x and y in 0-MQ 3 , there exists a path containing 7 vertices connecting x and y in 0-MQ 3 . Due to the symmetry of 0-MQ 3 , it is sufficient to consider the following four cases, x = 000, and y = 100, 111, 011, and 001 in 0-MQ 3 
